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ON GEOMETRIC FLATS IN THE CAT(0) REALIZATION OF COXETER
GROUPS AND TITS BUILDINGS
PIERRE -EMMANUEL CAPRACE
∗
AND FRÉDÉRIC HAGLUND
Abstrat. Given a omplete CAT(0) spae X endowed with a geometri ation of a group
Γ, it is known that if Γ ontains a free abelian group of rank n, then X ontains a geometri
at of dimension n. We prove a onverse of this statement in the speial ase where X is a
onvex subomplex of the CAT(0) realization of a Coxeter group W , and Γ is a subgroup of
W . In partiular a onvex oompat subgroup of a Coxeter group is Gromov-hyperboli if
and only if it does not ontain a free abelian group of rank 2. Our result also provides an
expliit ontrol on geometri ats in the CAT(0) realization of arbitrary Tits buildings.
Introdution
Let X be a omplete CAT(0) spae and Γ be a group ating properly disontinuously and
oompatly on X . It is a well known onsequene of the so alled at torus theorem (see
[BH99, Corollary II.7.2℄) that:
(Zn ⇒ En): if Γ ontains a free abelian group of rank n, then X ontains a geometri at
of dimension n.
Reall that a (geometri) at of dimension n, also alled (geometri) nat, is a losed
onvex subset of X whih is isometri to the Eulidean n-spae. One may wonder whether
a onverse of this statement does hold, that is to say, whether the presene of a geometri
nat in X is reeted in Γ by the existene of a free abelian group of rank n. This question
goes bak at least to Gromov [Gro93, 6.B3℄.
In the ase n = 2, in view of the at plane theorem (see [BH99, Corollary III.H.1.5℄), this
question an be stated as follows:
If X is not hyperboli, does Γ ontains a opy of Z× Z?
The answer is known to be positive in the following ases:
• Γ is the fundamental group of a losed aspherial 3-manifold, see [KK04℄.
• X is a square omplex satisfying ertain tehnial onditions, see [Wis05℄.
A ombinatorially onvex subomplex of the Davis omplex |W |0 of a Coxeter group
W is an intersetion of losed half-spaes of |W |0. The following result shows that, if X is
a suh a ombinatorially onvex subomplex of |W |0, and if Γ ⊂ W ats ellularly, then the
onverse of the property (Zn ⇒ En) above holds for all n:
Theorem A. Let X be a ombinatorially onvex subomplex of the Davis omplex |W |0 of
a Coxeter group W . Let Γ be a subgroup of W whih preserves X and whose indued ation
on X is oompat. If X ontains a geometri nat, then Γ ontains a free abelian group of
rank n.
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2 P.-E. CAPRACE AND F. HAGLUND
Sine half-spaes are CAT(0)-onvex, ombinatorially onvex subomplexes are CAT(0)-
onvex as well. We do not know if the theorem above is still true when X is only assumed to
be a CAT(0)-onvex subset of |W |0. We note that in general the intersetion X¯ of the losed
half-spaes of |W |0 ontaining X is not oompat under Γ. Yet Γ is still onite on the set
of walls separating X (or X¯), and perhaps this is enough.
Corollary B. Let X be a CAT(0) onvex subomplex of the Davis omplex |W |0 of a Coxeter
group W . Let Γ be a subgroup of W whih preserves X and whose indued ation on X is
oompat. If X ontains a geometri nat, then Γ ontains a free abelian group of rank n.
Proof. The Corollary follows by Theorem A beause, sineX is a subomplex, the intersetion
of the losed half-spaes of |W |0 ontaining X is a ombinatorially onvex Γ-oompat
subomplex X¯ .
We sketh the argument. The key-point is thatX0 is onvex for the ombinatorial distane.
First, any two verties x, y of X may be joined by a ombinatorial geodesi (x0 = x, . . . , xn =
y) all of whose verties belong to the smallest subomplex of |W |0 ontaining the CAT(0)
geodesi between x ad y (see [HP98, Lemme 4.9℄). Sine X is a CAT(0) onvex subomplex,
it follows that x0, . . . , xn belong to X
0
. Now any ombinatorial geodesi between x, y may be
joined to (x0, . . . , xn) by a sequene of geodesis, two onseutive of whih dier by replaing
half the boundary of some polygon of |W |0 by the other half. Sine X is a CAT(0) onvex
subomplex it ontains a polygonal fae of |W |0 as soon as it ontains two onseutive edges
of the boundary. It follows thatX0 ontains the verties of any ombinatorial geodesi joining
two of its points.
For any edge e with endpoints x ∈ X, y 6∈ X we laim that the geometri wallm separating
x from y does not separate x from any other vertex z ofX . Indeed any vertex separated from x
bym an be joined to x by a ombinatorial geodesi through y. So by ombinatorial onvexity
X would ontain y, ontradition. This shows that X is ontained in the intersetion X˜ of
losed half-spaes whose boundary wall separates an edge with one endpoint in X and the
other one outside.
We laim that X˜ ontains no vertex outside X . Indeed let v 6∈ X0 denote some vertex.
Choose a vertex w ∈ X0 suh that the ombinatorial distane d(v, w) is minimal. Consider
any geodesi from w to v. Then the rst edge e of this geodesi ends at a vertex y 6∈ X , and
the wall separating w from y does not separate y from v. Thus v 6∈ X˜ . Sine X0 ⊂ X¯ ⊂ X˜
and X˜ is the union of hambers with enter in X0, it follows that X¯ = X˜. Sine Γ is onite
on X0 by assumption it follows that Γ is oompat on X¯ , and we may apply Theorem A. 
The algebrai at rank of a group Γ, denoted alg-rk(Γ), is the maximal Z-rank of
abelian subgroups of Γ. The geometri at rank of a CAT(0) spae X , denoted rk(X), is
the maximal dimension of isometrially embedded ats in X . As an immediate onsequene
of Theorem A ombined with the at torus theorem, one obtains:
Corollary C. Let X and Γ be as in Theorem A. Then rk(X) = alg-rk(Γ). In partiular,
one has rk(|W |0) = alg-rk(W ).
It is an important result of Daan Krammer [Kra94, Theorem 6.8.3℄ that the algebrai at
rank of W an be easily omputed in the Coxeter diagram of (W,S).
The equality between the algebrai at rank of W and the geometri at rank of |W |0 was
onjetured in [BRW05℄. Atually, it is shown in lo. it. that this equality allows to ompute
very eiently the so alled (topologial) at rank of ertain automorphism groups of loally
nite buildings whose Weyl group isW . The groups in question arry a anonial struture of
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loally ompat totally disontinuous topologial groups; furthermore they are topologially
simple [Rém04℄. The topologial at rank mentioned above is a natural invariant of the
struture of topologial group (see [BRW05℄ for more details).
The lass of pairs (X,Γ) satisfying the assumptions of Theorem A is larger than one might
expet. Assume for example that Γ ats geometrially by ellular isometries on a CAT(0)
ubial omplex X , and that Γ ats in a `speial' way on hyperplanes:
(1) for any hyperplane H of X and any element g ∈ Γ, either gH = H , or H and gH
have disjoint neighbourhoods
(2) for any two distint, interseting hyperplanes H,H ′ of X and any element g ∈ Γ,
either gH ′ intersets H , or H and gH ′ have disjoint neighbourhoods
Suh `speial' ations are studied in [HW06℄, where it is proved that in the above situation
there exists a right-angled Coxeter groupW , an embedding Γ→W and an equivariant ellu-
lar isometri embedding X → |W |0. Thus Corollary B applies to groups ating geometrially
and speially on CAT(0) ubial omplexes. When the ation is free we obtain:
Corollary D. The fundamental group of a ompat non positively urved speial ube omplex
is hyperboli i it does not ontain Z× Z.
The fundamental groups of the lean (V H-)square omplexes studied in [Wis05℄ are
examples of virtually speial groups (by Theorem 5.7 of [HW06℄). Thus our Theorem A
provides in this ase a new proof of the equivalene between hyperboliity and absene of
Z × Z. Note that Wise's result applies to malnormal or ylonormal V H-omplexes, whih
are a priori more general than the virtually lean ones. But in [Wis05℄ Wise asks expliitly
wether malnormal or ylonormal implies virtually lean; and he proved already this onverse
impliation for many lasses of V H-omplexes.
Not surprisingly, Theorem A also provides a ontrol on geometri ats isometrially em-
bedded in the CAT(0) realization of arbitrary Tits buildings. More preisely, we have:
Theorem E. Let (W,S) be a Coxeter system and B be a building of type (W,S). Every
geometri at of the CAT(0) realization |B|0 of B is ontained in an apartment. In partiular,
one has rk(|B|0) = alg-rk(W ).
Note that in [BRW05℄ the authors had established the equality rk(|B|0) = rk(|W |0).
Finally, we reall from [Kle99, Theorem B℄ that if X is a loally ompat omplete CAT(0)
spae on whih Isom(X) ats oompatly, then the geometri at rank of X oinides with
ve other quantities, among whih the following ones:
• The maximal dimension of a quasiat of X .
• sup{k | Hk−1(∂TX) 6= {0}}, where ∂TX denotes the Tits boundary of X .
• The geometri dimension of any asymptoti one of X .
This applies of ourse to the Davis omplex |W |0, but also to many loally nite buildings
of arbitrary type, inluding all loally nite Ka-Moody buildings. In partiular, Corollary C
and Theorem E above, ombined with Daan Krammer's omputation of alg-rk(W ), provide
a very eient way to ompute all these quantities for these examples.
In Setion 1, we rst reall basi fats on the DavisMoussong geometri realization of
Coxeter groups. In partiular we introdue the walls, the half-spaes and the hambers.
In Setion 2 we dene ombinatorial onvex subsets of the DavisMoussong geometri
realization, and we establish an important Lemma.
4 P.-E. CAPRACE AND F. HAGLUND
In Setion 3 we present the main tehnial tools of this artile. If a family of walls behaves
as if it was ontained in a Eulidean triangle subgroup, then in fat it generates a Eulidean
triangle subgroup (see Lemmas 3.1 and 3.4 for preise statements).
In Setion 4 we desribe ompletely the ombinatorial struture of the set of walls sep-
arating a given at. The reetions along these walls generate a subgroup that we also
desribe.
In Setion 5 we explain how to get a rank n free abelian group out of a rank n at.
And in Setion 6 we explain how to dedue the statement on buildings from the statement
on Coxeter omplexes.
1. Preliminaries
Let (W,S) be a Coxeter system with S nite. The Davis omplex assoiated with (W,S),
denoted |W |0, is a CAT(0) ellular omplex equipped with a faithful, properly disontinuous,
oompat ation of W (see [Dav98℄).
Reall that a reetion ofW is, by denition, any onjugate of an element of S. The xed
point set of a reetion in |W |0 is alled a wall. Note that a wall is a losed onvex subset
of |W |0. A fundamental property is that every wall separates |W |0 into two open onvex
subsets, whose respetive losures are alled half-spaes. If a is a half-spae, its boundary
is a wall whih is denoted by ∂a. If x ∈ |W |0 is a point whih is not ontained in any wall,
then the intersetion of all half-spaes ontaining x is ompat; this ompat set is alled a
hamber of |W |0. The W -ation on the hambers of |W |0 is free and transitive.
Let x, y denote two non-empty onvex subsets of |W |0. We say that a wall m separates x
from y whenever x is ontained in one of the half-spaes delimited by m, y is ontained in
the other half-spae, and neither x nor y are ontained in m.
We will use the following notation. Given a wall m of |W |0, the unique reetion xing m
pointwise is denoted by rm. For any set M of walls, we set W (M) := 〈rm| m ∈ M〉. Reall
that W (M) is itself a Coxeter system on a ertain set of reetions (rν)ν∈N , where eah wall
ν ∈ N is of the form ν = wµ for some w ∈ W (M) and some µ ∈ M (see [Deo89℄). Suh a
subgroup will be alled a reetion subgroup.
Finally, given two points (resp. two onvex subsets) x, y of |W |0, we denote by M (x, y) the
set of all walls whih separate x from y. Two hambers c, c are said to be adjaent whenever
M (c, c′) is empty, or onsists in a single wall m (in whih ase rm(c) = c
′
). A gallery (of
length n) is a sequene (c0, c1, . . . , cn) of hambers suh that ci and ci+1 are adjaent hambers
for i = 0, . . . , n− 1. The gallery denes a unique sequene of walls it rosses (this sequene
might be empty if the gallery is a onstant sequene).
We get a (disrete) distane on the set of hambers by onsidering the inmum of the
length of all galleries from the rst hamber to the seond. Using the simple transitive ation
of W on the hambers, this gallery distane is identied with the word metri on (W,S).
It is well known that for two hambers c, c′ the gallery distane dgal(c, c
′) is the ardinality
of M (c, c′), and that a gallery from c to c′ has length dgal(c, c
′) if and only if the sequene of
walls it rosses has no repetition. Furthermore for any gallery from c to c′ the set of walls
separating c from c′ is the set of walls appearing an odd number of times in the sequene of
walls that the gallery rosses.
The following basi lemmas are well known; their proofs are easy exerises.
Lemma 1.1. Let x, y be two points of |W |0. There are two hambers cx, cy suh that x ∈ cx,
y ∈ cy and M (x, y) = M (cx, cy). 
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Lemma 1.2. Let x, y ∈ |W |0. There exists γ ∈ W (M (x, y)) suh that x and γ.y are
ontained in a ommon hamber. 
2. Combinatorial onvexity
A subset F ⊂ |W |0 is alled ombinatorially onvex if either F = |W |0 or F oinides
with the intersetion of all half-spaes ontaining it. The ombinatorial onvex losure of
a subset F ⊂ |W |0 will be denoted by Conv(F ). Hene Conv(F ) is either the whole |W |0 (if
F is not ontained in any half-spae) or the intersetion of all half-spaes of |W |0 ontaining
F . Sine half-spaes are subomplexes of the rst baryentri subdivision of |W |0 we note
that ombinatorially onvex subsets are subomplexes as well.
Sine half-spaes are CAT(0) onvex, ombinatorially onvex subomplexes are CAT(0)
onvex, but we will rather use the following elementary ombinatorial onvexity property:
all hambers of a geodesi gallery from a hamber c to a hamber c′ belong to Conv(c ∪ c′).
Lemma 2.1. Let x, y ∈ |W |0 and assume that the set M (x, y) possesses a subset M suh
that for all m ∈ M and µ ∈ M = M (x, y)\M , the reetions rm and rµ ommute. Then
the ombinatorial onvex losure of {x, y} ontains a point z suh that M (y, z) = M and
M (x, z) = M .
Proof. Let cx, cy be hambers suh that x ∈ cx, y ∈ cy and M (x, y) = M (cx, cy) (see
Lemma 1.1). We prove that there exists a hamber cz suh that M (cy, cz) = M and
M (cx, cz) = M (note that suh a hamber neessarily lies in the ombinatorial onvex losure
of cx ∪ cy).
This implies the desired result. Indeed sine M (x, y) = M (cx, cy) we have Conv({x, y}) =
Conv(cx ∪ cy). Furthermore sine M (y, cy) = ∅ we have M (cz, y) ⊂ M (cz, cy). Conversely
if m ∈ M (cz, cy) then m does not separate cz from cx  otherwise cz would not be inside
Conv(cx ∪ cy). Thus m separates cy from cx, and so m ∈ M (x, y). In partiular y 6∈ m.
Thus in fat m ∈ M (cz, y). Consequently M (cz, y) = M (cz, cy) (= M), and similarly
M (cz, x) = M (cz, cx) (= M). We then dene z to be any point in the interior of the
hamber cz.
It remains to prove the statement for hambers. To this end, we argue by indution on
the ardinality n of M (cx, cy). We may assume n > 0.
Consider some geodesi gallery (c0 = cx, . . . , cn−1, cn = cy). Let µ denote the unique
wall separating cn−1 from cn. By indution there is a hamber d suh that M (cx, d) =
M \ {µ},M (d, cn−1) = M \ {µ}. We then have M (d, cy) = M (d, cn−1) ∪ {µ}.
If µ ∈M , then the hamber d satises M (cx, d) = M and M (d, cy) = M , so we are done.
Assume now that µ ∈M , soM = M (d, cn−1). Consider a gallery from d to cn−1 of minimal
length. If this gallery has length 0 then M = ∅ and we take cz = cy. Otherwise let m ∈ M
denote the last wall that the gallery rosses. Let d′ denote the hamber rmrµ(cn−1). Then d
′
is adjaent to cn−2, and d
′
is also adjaent to cn beause rmrµ = rµrm. It follows that there
exists a gallery of minimal length from cx to cy whose last rossed wall is m. So in fat we
are bak to the rst ase, and thus we are done. 
Note that the orresponding statement (for verties) is true in an arbitrary CAT(0) ubial
omplex X . Indeed for any two verties x, y of X suh that the set M (x, y) of hyperplanes
of X separating x from y may be written M (x, y) = M ⊔M so that every hyperplane of M
is perpendiular to every hyperplane of M , there exists a vertex z suh that M (z, y) = M
and M (z, x) = M . Clearly z is on some ombinatorial geodesi from x to y, thus z is in the
onvex hull of {x, y}.
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3. The Eulidean triangle lemmas
In what follows, a Eulidean triangle subgroup of the Coxeter group W is a reetion
subgroup whih is isomorphi to one of the three possible irreduible Coxeter groups ontain-
ing Z × Z as a nite index subgroup. We say that a set P of walls is Eulidean whenever
there exists a wall m suh that P ∪ {m} generates a Eulidean triangle subgroup of W . We
will be mainly interested in the ase when P is a set of pairwise disjoint walls.
The following lemma relates the ombinatorial onguration of a ertain set of walls M of
|W |0 with the algebrai struture of W (M). This provides the key ingredient whih allows
to understand the walls of a geometri at of |W |0, see Proposition 4.9 below.
Lemma 3.1. There exists a onstant L, depending only on the Coxeter system (W,S), suh
that the following property holds. Let a, b, h0, h1, . . . , hn be a olletion of half-spaes of |W |0
suh that:
(1) ∅ 6= a ∩ b ( h0 ( h1 ( · · · ( hn,
(2) ∅ 6= ∂a ∩ ∂b ⊂ ∂h0,
(3) ∂a and ∂b both meet ∂hi for eah i = 1, . . . , n.
If n ≥ L, then the group generated by the reetions through the walls ∂a, ∂b, ∂h0, ∂h1, . . . , ∂hn
is a Eulidean triangle subgroup.
Proof. See [Cap06, Theorem A℄. 
A set P of walls of |W |0 is alled a hain of walls if there exists a set A of half-spaes
of |W |0 suh that A is totally ordered by inlusion and P = {∂a, a ∈ A} (for short we write
P = ∂A). There are three kinds of hains of walls. We say that P is a segment of walls
if it is a nite hain of walls. We say that P is a line of walls if P = ∂A, with A a set of
half-spaes suh that the ordered set (A,⊂) is isomorphi to (Z,≤). And we say that P is
a ray of walls if P = ∂A, with A a set of half-spaes suh that the ordered set (A,⊂) is
isomorphi to (N,≤).
Lemma 3.2. Let P denote a nonempty set of walls whih are all disjoint from a given wall
µ. Assume that P ∪ {µ} is Eulidean. Then P ∪ {µ} is a hain and W (P ∪ {µ}) is innite
dihedral.
Proof. Let µ′ denote some wall suh that W (P ∪ {µ, µ′}) is a Eulidean triangle subgroup.
Represent W (P ∪{µ, µ′}) as a group of isometries of the Eulidean plane (in suh a way that
the abstrat reetions at as geometri reetions).
Let m,m′ denote two walls of P ∪ {µ}. Note that m ∩ m′ = ∅ if and only if the order
of rmrm′ is innite. In the geometri representation we have m ∩ m
′ = ∅ if and only if
the Eulidean lines L(m), L(m′) xed pointwise by m and m′ are parallel. Sine we assume
m ∩ µ = ∅ or m = µ, we dedue that L(m) is parallel to L(µ). Similarly L(m′) is parallel to
L(µ). Thus L(m) and L(m′) are parallel, whih implies that m = m′ or m ∩m′ = ∅.
Thus P ∪ {µ} is a set of pairwise disjoint walls (of ardinality ≥ 2). By looking at the
geometri representation we dedue that W (P ∪ {µ}) is innite dihedral. Note that the set
of walls assoiated with all the reetions of any innite dihedral reetion subgroup is a line
of walls (this an be seen by onsidering a generating set onsisting of two reetions; the
assoiated walls ut |W |0 into three piees, one of whih is a fundamental domain for the
reetion subgroup that we onsider). It follows that P ∪ {µ} is a hain. 
Let T denote any subset of the generating set S. Then any onjugate of the subgroup
W (T ) is alled a paraboli subgroup. The paraboli losure of any subgroup Γ ⊂W is
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the intersetion of all paraboli subgroups of W ontaining Γ; we denote it by Γ˜. With this
terminology, we have:
Lemma 3.3. Let P be a set of pairwise disjoint walls of |W |0. Assume that there exists a
wall m suh that W (P ∪ {m}) is a Eulidean triangle subgroup. Then the paraboli losure
W˜ (P ) satises the following onditions:
(1) W˜ (P ) is isomorphi to an irreduible ane Coxeter group.
(2) For all walls µ, µ′, µ′′, if µ separates µ′ from µ′′ and if rµ′ and rµ′′ both belong to
W˜ (P ), then rµ also belongs to W˜ (P ).
(3) For any line of walls P ′ and any wall µ, if W (P ′) ≤ W˜ (P ) and if W (P ′ ∪ {µ}) is a
Eulidean triangle subgroup, then rµ belongs to W˜ (P ).
Proof. Point (1) follows from a theorem of D. Krammer whih appears in [CM05, Theo-
rem 1.2℄ (see also Theorem 3.3 in lo. it.); (2) and (3) follow from (1) using onvexity
arguments, see [Cap06, Lemma 8℄ for details. 
We may now dedue an other useful result of the same kind as Lemma 3.1:
Corollary 3.4. Let P be a set of pairwise disjoint walls of |W |0 and let m be a wall suh
that W (P ∪ {m}) is a Eulidean triangle subgroup. Then W possesses a Eulidean triangle
subgroup, denoted by W (P ∪ {m}), ontaining W (P ∪{m}) and suh that rµ ∈ W (P ∪ {m})
for eah wall µ satisfying either of the following onditions:
(1) There exist µ′, µ′′ ∈ P suh that µ separates µ′ from µ′′.
(2) µ is disjoint from m and moreover W (P ∪ {µ}) is a Eulidean triangle subgroup.
Proof. Let W˜ (P ) ≤ W be the irreduible ane Coxeter group provided by Lemma 3.3.
By Lemma 3.3(3) we have rm ∈ W˜ (P ). Let P
′
be the set onsisting of all those walls p′
suh that rp′ ∈ W˜ (P ) and that there exists p ∈ P ∪ {m} whih does not meet p
′
. Dene
W (P ∪ {m}) := W (P ′∪P ∪{m}). The groupW (P ∪ {m}) is a Eulidean triangle subgroup,
beause it is a subgroup of an ane Coxeter group generated by reetions orresponding
to two diretions of hyperplanes. Given a wall µ satisfying (1) or (2), we obtain suessively
rµ ∈ W˜ (P ) by Lemma 3.3 and then µ ∈ P
′
by the denition of P ′. 
4. The walls of a geometri flat
Let F be a geometri at whih is isometrially embedded in the Davis omplex |W |0 of
W . Let M (F ) denote the set of all walls whih separate points of F :
M (F ) :=
⋃
x,y∈F
M (x, y).
Lemma 4.1. For all µ ∈ M (F ), the set µ ∩ F is a Eulidean hyperplane of F .
Proof. Let x, y be points of F whih are separated by µ. We know that µ ∩ F is a losed
onvex subset of F whih separates F into two open onvex subsets. Thus the result will
follow if we prove that the geodesi segment [x, y] joining x to y meets µ in a single point.
This is a loal property, whih an easily be heked in a single (Eulidean) ell of |W |0 (see
[NV02, Lemma 3.4℄ for details). 
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Lemma 4.2. Let µ be a wall whih meets F . Assume that F ontains a Eulidean half-spae
F+ suh that F+ ∩ µ 6= ∅ and F+ is ontained in a εneighborhood of µ for some ε > 0.
Then F ⊂ µ.
Proof. Let d be the distane funtion of the Davis omplex |W |0. Sine µ is a losed onvex
subset, the funtion dµ : |W |0 → R
+ : x 7→ inf{d(x, y)| y ∈ µ} is onvex (see [BH99, II.2℄).
By assumption, the restrition dµ|F+ of dµ to F
+
is bounded. Therefore dµ|F+ must be
onstant, as it is the ase for any bounded onvex funtion on an unbounded onvex domain.
Sine µ meets F+ by hypothesis, we have dµ|F+ = 0, that is to say, F
+ ⊂ µ. By Lemma 4.1,
this implies F ⊂ µ. 
Two elements µ, µ′ of M (F ) will be alled Fparallel if their respetive traes on F are
parallel in the Eulidean sense. In symbols, this writes:
µ‖F µ
′ ⇔ µ ∩ F = µ′ ∩ F or µ ∩ F ∩ µ′ = ∅.
The relation of Fparallelism is an equivalene relation on M (F ).
Besides the relation of Fparallelism, there is an other relation of global parallelism on
the walls of F dened by
µ‖µ′ ⇔ µ = µ′ or µ ∩ µ′ = ∅.
Clearly µ‖µ′ ⇒ µ‖F µ
′
. Given µ ∈ M (F ), we set PF (µ) := {m ∈ M (F ) | m‖µ}. Thus
PF (µ) is ontained in the Fparallel lass of µ. Note that, in ontrast with the Fparallelism,
the relation of global parallelism is not transitive in general: two distint walls of PF (µ) may
have non trivial intersetion.
Any large set of walls ontains two non-interseting ones (see [NR03, Lemma 3℄). Con-
sequently, the set of Fparallel lasses is nite. Sine hambers are ompat and F is un-
bounded, it follows that some Fparallel lass must be innite. Atually, all of them are, as
follows from the following:
Lemma 4.3. Given any µ ∈ M (F ), there exist two rays of walls M+(µ),M−(µ) ⊂ M (F )
suh that µ separates any element of M+(µ) from any element of M−(µ). In partiular, µ
does not meet any element of M+(µ) ∪M−(µ), and PF (µ) ontains a line of walls (passing
through µ).
Proof. Consider a line of F whih meets orthogonally the F -hyperplane µ ∩ F . Using
Lemma 4.2 we see that when a point p goes at innity on the line, its distane to µ must
tend to innity. Now by the so alled parallel wall theorem (see [BH93, Theorem 2.8℄) any
point at large distane from a given wall in |W |0 is separated from that wall by some other
wall of |W |0. The Lemma follows. 
Remarks 4.4. For µ ∈ M (F ), any subset P ⊂ PF (µ) of pairwise disjoint walls is a hain of
walls. Indeed for three distint walls p1, p2, p3 ∈ P we have pi‖Fµ, thus p1, p2, p3 are mutually
Fparallel. The Eulidean hyperplanes pi ∩ F are pairwise disjoint, so we may assume that
p2∩F separates p1∩F from p3∩F . It follows that p2 separates p1 from p3. Hene {p1, p2, p3}
is a segment of walls. Sine any 3subset of P is a hain, it follows that P itself is a hain.
We will see in Proposition 4.7 below that the restrition of the relation of global parallelism
to a ertain subset MEucl(F ) of M (F ) is an equivalene.
By denition, the subset MEucl(F ) ⊂ M (F ) onsists of all those walls µ ∈ M (F ) whih
satisfy the following property:
There exists a wall µ′ ∈ M (F ) suh that W (PF (µ)∪{µ
′}) is a Eulidean triangle subgroup.
Applying Lemmas 3.2 and 4.3, we get the following:
ON GEOMETRIC FLATS IN CAT(0) TITS BUILDINGS 9
Lemma 4.5. Assume µ ∈ MEucl(F ), and more preisely that W (PF (µ)∪{µ
′}) is a Eulidean
triangle subgroup for some µ′ ∈ M (F ). Then:
(i) PF (µ) is a line of walls.
(ii) For all m ∈ PF (µ), one has PF (µ) ⊂ PF (m). In partiular PF (µ) = PF (m) provided
m ∈ MEucl(F ).
(iii) W (PF (µ)) is an innite dihedral subgroup of W , and is a maximal one.
(iv) rµ′ does not entralize W (PF (µ)). 
The following lemma outlines the main ombinatorial properties of the set MEucl(F ).
Lemma 4.6. We have the following:
(i) Let P ⊂ M (F ) be a line of walls. If there exists m ∈ M (F ) suh that the group
W (P ∪ {m}) is a Eulidean triangle subgroup, then P ⊂ MEucl(F ).
(ii) Let m ∈ M (F ). If m 6∈ MEucl(F ), then m meets every element of MEucl(F ).
(iii) Let m,m′ ∈ M (F ). If the reetions rm and rm′ do not ommute and if m and m
′
are not Fparallel, then m ∈ MEucl(F ).
(iv) Let m,m′ ∈ M (F ). If the reetions rm and rm′ do not ommute and if m
′ ∈
MEucl(F ), then m ∈ MEucl(F ).
Before proving the lemma, it is onvenient to introdue the following additional terminol-
ogy. A set P of walls of |W |0 is said to be onvex whenever the following holds: for eah
wall m of |W |0 separating two walls of P , we have m ∈ P . For example, for all x, y ∈ |W |0
the set M (x, y) is onvex; moreover, the set M (F ) is onvex as well.
Proof of Lemma 4.6(i). Let µ ∈ P . Sine P ⊂ M (F ) is a line of walls we have P ⊂ PF (µ).
There are nitely many walls separating two disjoint walls of |W |0. The line of walls P may
be written as a union of segments of walls {µn, µn+1} (n ∈ Z) so that no m ∈ P separates
µn from µn+1. Choose then a segment of walls Pn ⊂ PF (µ) suh that Pn ∩ P = {µn, µn+1}
and any wall m ∈ Pn \ {µn, µn+1} separates µn from µn+1 and moreover Pn is maximal with
respet to these properties. Set P¯ = ∪kPk. Then P ⊂ P¯ ⊂ PF (µ), P¯ is a line and for every
wall m′ of PF (µ) \ P¯ the set P¯ ∪ {m
′} is not a line anymore.
By onstrution for every p ∈ P¯ there exist p′, p′′ ∈ P suh that p separates p′ from p′′.
Therefore, sine W (P ∪ {m}) is a Eulidean triangle subgroup, we have W (P¯ ∪ {m}) ⊂
W (P ∪ {m}) by Corollary 3.4. In partiular, W (P¯ ∪ {m}) is a Eulidean triangle subgroup.
Hene we are done if we show that P¯ = PF (µ). This is what we do now.
Letm′ denote a wall separating two walls p′, p′′ of P¯ . Thenm′ ∈ M (F ) and by Corollary 3.4
the subset P¯∪{m′} is still Eulidean. By Lemma 3.2 P¯∪{m′} is a line, and by the maximality
of P¯ we have m′ ∈ P¯ . Thus P¯ is a onvex set of walls.
Assume by ontradition that there exists m′ ∈ PF (µ)\P¯ . By the maximality of P¯ , the
set P¯ ∪ {m′} is not a line anymore. By Remark 4.4 this implies that m′ meets at least one
element of P¯ . Let P¯ ′ denotes the (nonempty) subset of P¯ onsisting of all those walls whih
meet m′. Note that by the denition of P¯ ′, for all p ∈ P¯ , if there exist p′, p′′ ∈ P¯ ′ suh that
p separates p′ from p′′, then p ∈ P¯ ′. Sine P¯ is onvex, this shows in partiular that P¯ ′ is
onvex.
If P¯ ′ is nite, it is a segment of the line P¯ and there exist p′, p′′ ∈ P¯ suh that m′ separates
p′ from p′′. Sine P¯ is onvex, this implies that m′ ∈ P¯ , a ontradition.
Hene P¯ ′ is innite. Sine µ 6∈ P¯ ′ and P¯ ′ is onvex, we see that P¯ ′ is a ray of walls
(ontained in P¯ , and not ontaining µ).
By Lemma 3.2 the group W (P¯ ) is innite dihedral. Sine P¯ is a line of walls, the wall
π of any reetion rπ of W (P¯ ) separates two walls p
′, p′′ of P¯ . By onvexity we then have
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π ∈ P¯ : the reetions of W (P¯ ) are preisely the reetions along walls of P¯ . We note two
onsequenes of that. Firstly P¯ is invariant under W (P¯ ). Seondly we have W (P¯ ) = W (P¯0)
for any onvex subset P¯0 ⊂ P¯ of ardinality at least 2. In partiular we have W (P¯ ) = W (P¯
′).
The reetion rm′ does not entralize W (P¯
′), otherwise it would entralize W (P¯ ) and,
hene, m′ would meet µ. Consequently rm′ does not entralize W (P¯
′
0) for all onvex subset
P¯ ′0 ⊂ P¯
′
of ardinality at least 2. Hene there are innitely many walls p¯′ in the ray P¯ ′ suh
that the reetions rm′ and rp do not ommute. Let p¯
′ ∈ P¯ ′ denote some wall suh that
the reetions rm′ and rp¯′ do not ommute, and that the olletion of all walls of P¯
′
whih
separate p¯′ from µ is of ardinality greater than the onstant L(≥ 1) of Lemma 3.1.
Letm′′ := rp¯′(m
′). Let {p¯1, . . . , p¯k} denote the segment of walls of P¯
′
whih separate µ from
p¯′ (we have k ≥ L). Then the walls m¯i = rp¯′(p¯i) belong to the ray P¯
′
by onvexity (remember
that rp¯′(µ) ∈ P¯ ). Hene eah of them meets m
′
. By onstrution eah of them also meets
m′′. By Lemma 3.1 we dedue that W (m′, m′′, m¯1, . . . , m¯k, p¯
′) = W (m′, m¯1, . . . , m¯k, p¯
′) is a
Eulidean triangle subgroup. Sine {m¯1, . . . , m¯k, p¯
′} is a onvex subsegment of P¯ ontaining
at least two walls we see that W (P¯ ∪ {m′}) is a Eulidean triangle subgroup. Sine µ ∈ P¯
and m′ ∩ µ = ∅, this ontradits Lemma 3.2, thereby ompleting the proof of the desired
assertion. 
Proof of Lemma 4.6(ii). Let m ∈ M (F ). Assume that there exists µ ∈ MEucl(F ) whih
does not meet m. In other words m ∈ PF (µ). By Lemma 4.6(i), µ ∈ MEucl(F ) implies
PF (µ) ⊂ MEucl(F ). Thus m ∈ MEucl(F ).

Proof of Lemma 4.6(iii). Let M be the Fparallel lass of m and let m′′ := rm(m
′). Sine m
and m′ are not Fparallel, there are points x, y on m ∩ F whih are separated by m′. Thus
m′′ separates x from y as well. It follows that m′′ ∈ M (F ).
We now show that m′′ is not Fparallel to m. To this end, rst note that m′′ ontains
m ∩ m′ ∩ F whih is nonempty. Hene, if m′′ were F -parallel to m, then we would have
m∩F = m′′∩F . This yields suessivelym∩F = rm(m
′)∩F and thenm∩rm(F ) = m
′∩rm(F ).
Sine m∩F is pointwise xed by rm, we have m∩F ⊂ m∩rm(F ), whene nallym∩F ⊂ m
′
,
whih ontradits the fat that m and m′ are not F -parallel. This shows that m′′ is not F
parallel to m and it follows that m′ and m′′ both meet every element of the Fparallel lass
M .
By Lemma 4.3, M ontains a line P ontaining m. In partiular P is innite. By
Lemma 3.1, the group W (P ∪ {m′}) is a Eulidean triangle subgroup. Therefore, we de-
due from Lemma 4.6(i) that m ∈ MEucl(F ). 
Proof of Lemma 4.6(iv). Let m ∈ M (F ) and m′ ∈ MEucl(F ) be suh that the reetions rm
and rm′ do not ommute. By Lemma 4.6(i), we have PF (m
′) ⊂ MEucl(F ). Let P
′ := PF (m
′).
Hene P ′ is a line of walls and for all µ′ ∈ P ′, we have PF (µ
′) = P ′.
By Lemma 4.6(ii) we may assume that m meets every element of P ′, and in fat that every
element of PF (m) meets every element of P
′
, otherwise m ∈ MEucl(F ) and we are done. By
Lemma 4.3, PF (m) ontains a line of walls P whih ontains m.
Let C (resp. C ′) denote the set of walls of P (resp. P ′) whih meet m′′ := rm(m
′).
Assume that C ′ is nite. Then there exists a (onvex) segment of walls (p+, p1, . . . , pn, p−)
ontained in P ′ suh that C ′ = {p1, . . . , pn} and m
′′
is disjoint from p+ and p−. We let
x+, x− denote points lying on m ∩ p+, m ∩ p− respetively. Sine m
′
separates p+ from p−
and m \m′′ = m \m′ we dedue that m′′ separates x+ from x−. Thus m
′′
separates p+ from
p−. It follows that m
′′ ∈ M (F ), and in fat m′′ ∈ PF (p
+). By hypothesis m′ ∈ MEucl(F ),
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whene PF (p
+) = PF (m
′). Sine m′′ meets m′, this implies m′ = m′′ from whih it follows
that the reetions rm and rm′ ommute, a ontradition. Thus C
′
is innite.
By Lemma 3.1, it follows that W (C ′ ∪ {m}) is a Eulidean triangle subgroup. Sine P ′ is
Eulidean, we have W (P ′) = W (P ′0) for any onvex hain P
′
0 ⊂ P
′
of ardinality at least 2
(see Lemma 3.2). Sine C ′ is innite and onvex, we dedue W (P ′) ⊂ W (C ′ ∪ {m}). Sine
rm′′ belongs to the Eulidean triangle subgroup W (C
′ ∪ {m}) and rm′′rµ′ has nite order for
every µ′ ∈ C ′, we see that rm′′rµ′ has nite order for every µ
′ ∈ P ′. Thus C ′ = P ′. Moreover
for all µ′ ∈ P ′, the reetions rµ′ does not ommute with rm.
Let µ be any element of P dierent from m. Let a denote the half-spae bounded by m
suh that µ∩ a = ∅. Let h0 denote the half-spae bounded by m
′
suh that a∩ h0 ⊂ rm(h0).
Extend h0 to a hain of half-spaes (hi)i∈Z suh that hi ⊂ hi+1 for all i ∈ Z and that
{∂hi| i ∈ Z} = P ′. Sine W (P ′ ∪ {m}) is a Eulidean triangle subgroup it follows that the
relation a ∩ hi ⊂ rm(hi) holds for every i ∈ Z. For eah i ∈ Z, hoose a point yi ∈ µ ∩ ∂hi
and a point y′i ∈ ∂hi in the interior of a. Then yi ∈ ∂hi and y
′
i ∈ ∂hi are separated by m.
Sine rm and r∂hi do not ommute it follows that yi and y
′
i are separated by rm(∂hi). Sine
y′i ∈ a ∩ hi we dedue that yi 6∈ rm(hi) for all i ∈ Z. Now hoose a point xi ∈ m ∩ ∂hi for
eah i ∈ Z. We have
x0 ∈ m ∩ ∂h0 ⊂ rm(∂h0) ⊂ rm(h0) ⊂ rm(h1) ⊂ rm(h2) ⊂ . . .
Sine M (x0, y0) is nite and sine y0 6∈ rm(h0), there exists j > 0 suh that y0 ∈ rm(hj).
Thus the wall rm(∂hi) separates y0 from yi for all i ≥ j. Sine y0 and yi both lie on the wall
µ, it follows that ∂hi meets µ for all i ≥ j.
This argument holds for any µ ∈ P\{m}. In partiular, if we hoose µ suh that m and µ
are separated by at least L elements of P , where L is the onstant of Lemma 3.1, we dedue
from this lemma that W ({m,µ, ∂hj}) is a Eulidean triangle subgroup. By Corollary 3.4,
we obtain r∂hi ∈ W ({m,µ, ∂hj}) for all i ≥ j. As before, this implies that W (P
′) <
W ({m,µ, ∂hj}) and, in partiular, that m
′′ = rm(m
′) = rm(∂h0) meets µ. Thus we have
µ ∈ C.
Sine this holds for all walls µ ∈ P whih are suiently far apart from m, and sine C
is onvex, we nally dedue that C = P . By Lemma 3.1 this implies that W (P ∪ {m′})
is a Eulidean triangle subgroup. By Lemma 4.6(i), we have P ⊂ MEucl(F ) whene m ∈
MEucl(F ). 
The main results of this setion are the following two propositions.
Proposition 4.7. The group W (MEucl(F )) is isomorphi to a diret produt of nitely many
irreduible ane Coxeter groups.
Proof. We laim that for all m,m′ ∈ MEucl(F ), either PF (m) = PF (m
′) or the groups
W (PF (m)) and W (PF (m
′)) entralize eah other or W (PF (m) ∪ PF (m
′)) is a Eulidean
triangle subgroup.
We rst dedue the desired result from the laim. We know that W (MEucl(F )) is iso-
morphi to a Coxeter group. Let W (MEucl(F )) = W1 × · · · ×Wk be the deomposition of
W (MEucl(F )) in its diret omponents. Hene Wi is an irreduible Coxeter group for eah
i = 1, . . . , k. Let Mi denote the set of walls m ∈ MEucl(F ) suh that rm ∈ Wi. We note that
MEucl(F ) = M1 ⊔ · · · ⊔Mk and Wi = W (Mi).
We must prove that Wi is ane. We reord the following easy observations whih follow
from the fat that the Wi's are the irreduible omponents of W (MEucl(F )):
(1) If m ∈ MEucl(F ) is a wall suh that rm ∈ Wi, then W (PF (m)) ≤Wi.
12 P.-E. CAPRACE AND F. HAGLUND
(2) If m,m′ ∈ MEucl(F ) are two walls suh that PF (m) 6= PF (m
′) and that rm and rm′
both belong to Wi, then there exists a sequene of walls m = m0, m1, . . . , mℓ = m
′
suh that for eah j, one has mj ∈ Mi, rmj ∈ Wi and rmj does not ommute with
rmj−1 (a priori the order of rmjrmj−1 might be innite).
We show that, in view of the laim above, these two observations imply that for any wall
m ∈ MEucl(F ) suh that rm ∈ Wi, one has
W (PF (m)) ≤Wi ≤ ˜W (PF (m)),
where
˜W (PF (m)) is the irreduible ane Coxeter group provided by Lemma 3.3.
By the rst observation we just have to hek that Wi ≤ ˜W (PF (m)). Sine Wi = W (Mi)
it is enough to show that rm′ ∈ ˜W (PF (m)) for any m′ ∈ Mi. For suh an m′ we have a
sequene of walls m = m0, m1, . . . , mℓ = m
′
suh that for eah j, one has mj ∈ Mi and rmj
does not ommute with rmj−1 . We are going to show by indution that for eah µ ∈ PF (mi)
we have rµ ∈ ˜W (PF (m)), whih implies in partiular rm′ ∈ ˜W (PF (m)).
This is learly true for i = 0. Assume this is true for PF (mi−1), with i > 0. Either
mi ∈ PF (mi−1), thus PF (mi) = PF (mi−1) and we have nothing to prove. Or, by the initial
laim, rmirmi−1 has nite order > 2 and W (PF (mi−1) ∪ PF (mi)) is a Eulidean triangle
subgroup. Sine rmi and rmi−1 do not ommute it follows that W (PF (mi−1) ∪ {mi}) is a
Eulidean triangle subgroup. Thus by Lemma 3.3 we have rmi ∈
˜W (PF (m)). In fat the
same argument applies to any wall µ ∈ PF (mi), whih ends the proof.
The inlusionWi ≤ ˜W (PF (m)), is now established. In partiularWi is an innite reetion
subgroup of an irreduible ane Coxeter group; hene it must be itself an ane Coxeter
group, as desired.
It remains to prove the laim. Let m,m′ ∈ MEucl(F ).
Suppose that PF (m) 6= PF (m
′). Then by Lemma 4.5 m meets m′.
If there exists m′′ ∈ PF (m) ∩ PF (m
′) then, by Lemma 4.6(i), we have m′′ ∈ MEucl(F )
whih implies that the elements of PF (m
′′) are pairwise disjoint (see Lemma 4.5). Sine
m′′ ∈ PF (m) ∩ PF (m
′), we have {m,m′} ⊂ PF (m
′′) and, hene, m = m′ beause m meets
m′. This ontradits the fat that PF (m) 6= PF (m
′), thereby showing that PF (m) ∩ PF (m
′)
is empty. In other words, m meets every element of PF (m
′) and m′ meets every element of
PF (m).
For all µ ∈ PF (m) we have µ ∈ MEucl(F ) by Lemma 4.6(i) and, hene, PF (m) = PF (µ) by
Lemma 4.5. Similarly, for all µ′ ∈ PF (m
′), we have PF (m
′) = PF (µ
′). Therefore, we dedue
from the previous paragraph that every element of PF (m) meets every element of PF (m
′).
Suppose moreover that W (PF (m)) does not entralize W (PF (m
′)). Then there exist p ∈
PF (m) and p
′ ∈ PF (m
′) suh that rp and rp′ do not ommute. Let p
′′ := rp(p
′).
Suppose p′′ meets only nitely elements of the line of walls PF (m). Then there is a segment
of walls (p−, p1, p2, . . . , pn, p
+) inside PF (m) suh that {p1, p2, . . . , pn} is the set of walls of
PF (m) whih meet p
′′
, and p′′ is disjoint from p− and p+. We let x−, x+ denote points in
p′ ∩ p−, p
′ ∩ p+ respetively. Sine p separates p− from p+ and p
′ \ p = p′ \ p′′ we dedue
that p′′ separates x− from x+. Thus p
′′
separates p− from p+. In partiular sine p− and p+
meet F we have p′′ ∈ M (F ) and learly p′′ ∈ PF (p−). As we have already observed we have
PF (p−) = PF (m) = PF (p). Thus p
′′ ∈ PF (p), ontradition.
Thus in fat p′′ meets innitely many elements of PF (m). By Lemma 3.1, this shows
that W (PF (m) ∪ {p
′}) is a Eulidean triangle subgroup. Similarly W (PF (m
′) ∪ {p}) is a
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Eulidean triangle subgroup. The order of the produt rprn′ is thus independent of the wall
n′ hosen in the line of walls PF (m
′). It follows that for eah n′ ∈ PF (m
′) the reetions
rp and rn′ do not ommute. Then by Lemma 3.1 the subgroup W (PF (m) ∪ {n
′}) is also a
Eulidean triangle subgroup. By Corollary 3.4 we now dedue that rn′ ∈ W (PF (m) ∪ {p′}).
Thus W (PF (m
′)) ⊂W (PF (m) ∪ {p′}), and in partiular the group W (PF (m) ∪ PF (m
′)) is a
Eulidean triangle subgroup, whih proves the laim. 
Corollary 4.8. For all m ∈ MEucl(F ) and γ ∈ W (MEucl(F )), if γ.m ∩m = ∅ then γ.m ∈
MEucl(F ).
Proof. By assumption, the group 〈rm, rγ.m〉 is an innite dihedral group whih is ontained in
W (MEucl(F )). Therefore, sine W (MEucl(F )) is an ane Coxeter group by Proposition 4.7,
the group W (PF (m) ∪ {γ.m}) is an innite dihedral group and, by Lemma 4.5(iii), we have
rγ.m ∈ W (PF (m)). Sine PF (m) is a onvex line of walls, we dedue nally that γ.m ∈
PF (m) ⊂ MEucl(F ). 
Proposition 4.9. One the following assertions holds:
(i) There exists an innite subset M ⊂ M (F ) whih satises the following onditions:
• For all m,m′ ∈M , either m ∩ F = m′ ∩ F or m ∩ F ∩m′ = ∅;
• The groups W (M) and W (M (F )\M) entralize eah other.
(ii) The group W (M (F )) is isomorphi to an ane Coxeter group.
Proof. Assume rst that MEucl(F ) = M (F ). Then by Proposition 4.7 property (ii) holds.
Assume now there exists m ∈ M (F )\MEucl(F ). Let M be the set of all those elements of
M (F ) whih do not belong to MEucl(F ) and whih are Fparallel to m. By Lemma 4.6(ii),
we have PF (m) ⊂ M ; in partiular M is innite. Let m
′ ∈ M (F )\M . If m′ is not F
parallel to m then rm′ entralizes W (M) by Lemma 4.6(iii). If m
′
is Fparallel to m, then
m′ ∈ MEucl(F ) sine m
′ 6∈ M . In view of Lemma 4.6(iv), this implies that rm′ entralizes
W (M). This shows that the groups W (M) and W (M (F )\M) entralize eah other. Thus
property (i) holds. 
5. From geometri flats to free abelian groups
Let X be a ombinatorially onvex subomplex of the Davis omplex |W |0, and Γ be a
subgroup ofW whih stabilizesX and whose indued ation onX is oompat. The distane
funtion on |W |0 is denoted by d.
Lemma 5.1. Let ρ ⊂ X be any unbounded subset through a given point x, and let M (ρ) :=⋃
y,z∈ρ M (y, z) be the set of walls whih separate points of ρ. There exists a onstant K
(depending on ρ and Γ) with the following property: given any positive real number r, there
exists a hamber c at distane at most K from x and an element γ ∈ Γ∩W (M (ρ)) suh that
c and γ.c both meet ρ, and that d(c, γ.c) > r.
Proof. Reall that a ombinatorially onvex subomplex is a (CAT(0) onvex) union of ham-
bers.
Let C(ρ) denote the set of hambers of X meeting ρ: thus ρ is overed by the hambers
of C(ρ). Reall that Γ has nitely many orbits on the set of all hambers of X . Sine ρ is
unbounded, the set C(ρ) is innite and it follows that there exists a hamber c ∈ C(ρ) suh
that Γ.c ∩ C(ρ) is innite.
We write Γ.c ∩ C(ρ) = {γ0.c, γ1.c, . . . , γi.c, . . . } (with γ0 = 1). We pik a point xi in eah
intersetion ρ∩ γi.c. By Lemma 1.2 there exists gi ∈ W (M (x0, xi)) suh that gix0 and xi lie
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in a ommon hamber. Thus gi
−1γi is an element of W sending c to a hamber meeting c.
There are nitely many suh elements.
Thus up to extrating a subsequene we may suppose that the sequene (gi
−1γi)i≥1 is
onstant. Then for eah i the element γ′i = γiγ1
−1
belongs to Γ ∩W (M (ρ)). And also γ′i
sends the hamber γ1c to the hamber γic. The Lemma follows beause the set of hambers
(γic)i≥1 is innite. 
As before, let M (F ) denote the set of all walls whih separate points of F . Theorem A of
the introdution is a straightforward onsequene of the following:
Theorem 5.2. Let F be a geometri at whih is isometrially embedded in X; let n denote
its dimension. Then the intersetion Γ ∩W (M (F )) ontains a free abelian group of rank n.
Proof. By Selberg's lemma, the group Γ has a nite index subgroup whih is torsion free.
Sine Γ is oompat on X , any nite index subgroup of Γ is oompat as well, hene we
may assume without loss of generality that Γ is torsion free.
The proof works by indution on the dimension n of the at F . We may assume that
n > 0.
Suppose rst that M (F ) possesses a subset M whih satises the onditions (i) of Propo-
sition 4.9. Let then m be any element of M and set F ′ := F ∩ m. By Lemma 4.1, F ′ is a
geometri at of dimension n− 1.
Let ρ denote any geodesi ray of F meeting transversally innitely many walls of M .
Let x denote the origin of ρ, and let xn denote the unique point of ρ with d(x, xn) = n.
By Lemma 2.1 there exists a point zn ∈ X suh that M (x, xn) = M (x, zn) ⊔ M (zn, xn),
with M (x, zn) = M (x, xn) ∩M . Observe that the ardinality of M (x, zn) tends to innity
with n, and thus d(x, zn) → +∞. There is a subsequene (znk)k≥0 suh that the geodesi
segment [x, znk ] ⊂ X onverges to a geodesi ray ρ
′ ⊂ X (with origin x). Note that for every
y ∈ ρ′ we have M (x, y) ⊂ M (x, znk) for k large enough. In partiular M (x, y) ⊂ M . Thus
M (ρ′) ⊂M .
We now apply Lemma 5.1 to the ray ρ′ for some (large) positive real number r > 0. We
then get a nontrivial element γ ∈ Γ ∩W (M). Observe that γ must be of innite order sine
Γ is torsion free.
It follows from the denition of M that γ entralizes W (M (F ′)). Furthermore, sine
W (M (F ′)) is isomorphi to a Coxeter group and sine the enter of any Coxeter group is a
torsion group (this is well known and is a straightforward onsequene of [Hum90, Exerise
1, p.132℄), the intersetion W (M (F ′)) ∩ 〈γ〉 is trivial. We dedue that the group generated
by W (M (F ′)) together with γ is isomorphi to the diret produt W (M (F ′)) × 〈γ〉. The
desired result follows by indution.
Suppose now that assertion (ii) of Proposition 4.9 holds. Let µ1 be any element of M (F ).
Again by Lemma 4.1 the intersetion µ1 ∩ F is a geometri at of dimension n − 1. Note
that any at Φ of dimension ≥ 1 is unbounded and thus has M (Φ) 6= ∅. Thus for eah
i = 2, . . . , n we may hoose suessively
µi ∈ M (
( i−1⋂
j=1
µj
)
∩ F ).
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In view of Lemma 4.1, the set
(⋂n
i=1 µi
)
∩ F onsists of a single point x of F and for eah
i ∈ {1, . . . , n}, the set
λi :=
( ⋂
j∈{1,...,n}\{i}
µj
)
∩ F
is a geodesi line of F .
We need the following auxiliary result:
Lemma 5.3. Γ has a nite index subgroup Γ′ suh that for any wall m and any hamber c
meeting m, if γ ∈ Γ′ sends c to a hamber meeting m, then γm = m.
Proof. It is enough to prove the Lemma when Γ = W . Reall that the stabilizer of a wall
m is the entralizer of the involution rm. Sine W is residually nite the entralizer Z(rm)
is a separable subgroup, that is to say Z(rm) is an intersetion of nite index subgroups.
(In any residually nite group W the entralizer of any element g is separable. Indeed, for
x /∈ C = ZW (g), we have [x, g] 6= 1, thus there is a nite quotient φ : W → G¯ suh that
[φ(x), φ(g)] 6= 1. Then φ(x) /∈ ZG¯(φ(g)) and the nite index subgroup φ
−1ZG¯(φ(g)) separates
x from C.)
We x some wall m and laim that there is a nite index subgroup Wm ⊂W suh that for
any hamber c meeting m, if γ ∈ Wm sends c to a hamber meeting m, then γm = m. The
lemma will follow sine we may assume that Wm is normal, and there are only nitely many
orbits of walls under W .
Let Bm be the subset of W onsisting of all those elements γ ∈ W suh that there exists
a hamber c suh that m and γ.c both meet m. Note that Bm is invariant by left- and
right-multipliation under Z(rm). In fat it is a nite union of double lasses: Bm = Z(rm)⊔
Z(rm)γ1Z(rm)⊔ · · · ⊔Z(rm)γkZ(rm), where γ1, . . . , γk do not belong to Z(rm) (the niteness
follows from the fat that Z(rm) ats o-nitely on the set of hambers meeting m, and from
the loal ompatness of the Davis omplex). The laim follows if we take for Wm any nite
index subgroup of W ontaining the separable subgroup Z(rm) but none of the elements
γ1, . . . , γk. 
By Lemma 5.3 we may assume that for any wall m and any hamber c meeting m, if γ ∈ Γ
sends c to a hamber meeting m, then γm = m. Note that this implies in partiular that if
γm intersets m, then γm = m.
Let r be any positive real number. For eah i we hoose one of the two rays ontained in
λi with origin x, and denote it by ρi. For eah i ∈ {1, . . . , n}, Lemma 5.1 provides a hamber
ci at distane at most Ki of x, and an element γi(r) ∈ W (M (λi)) ∩ Γ (⊂ W (M (F )) ∩ Γ),
suh that ci ∩ ρi and γi(r).ci ∩ ρi are both nonempty, and that d(ci, γi(r).ci) > r. Here ci and
γi(r) depend on r, but Ki depends only on ρi. Note that γi(r) is of innite order beause Γ
is torsion free.
It immediately follows from the fat that ρi ⊂ µj that eah γi(r) preserves µj (j 6= i).
Sine x ∈ ρi ∩ µi but ρi 6⊂ µi, it follows from Lemma 4.2 that there is a onstant ri suh
that, given any point y of ρi, if y is at distane at least ri from x, then y is at distane larger
than Ki + D from µi, where D is the diameter of a hamber. Therefore, for eah r ≥ ri,
we have d(x, γi(r).ci) ≥ d(ci, γi(r).ci) > r and hene any point on γi(r).ci ∩ ρi is at distane
larger than Ki+D from µi. Thus γi(r).ci is at distane larger than Ki from µi. On the other
hand γi(r).ci is at distane at most Ki from γi(r)µi, from whih it follows that γi(r)µi 6= µi
for all r ≥ ri. By the above, this yields γi(r)µi ∩ µi = ∅ for all r ≥ ri.
Let ai be the half-spae bounded by µi and ontaining ρi. We dene an element γi as
follows.
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If γi(ri)ai ⊂ ai we set γi = γi(ri).
If not, then we hoose r > ri as follows. Note that γi(r)µi ∈ MEucl(F ) for all r by
Corollary 4.8. In partiular γi(ri)µi meets ρi, but ρi 6⊂ γi(ri)µi beause x ∈ ρi ∩ µi and
µi ∩ γi(ri)µi = ∅. Thus, by Lemma 4.2, every point of ρi suiently far away from x is also
far way from γi(ri)µi. Repeating the arguments used to dene the onstant ri, we obtain a
onstant r > ri suh that γi(r)µi 6= γi(ri)µi.
Now, if γi(r)ai ⊂ ai we set γi = γi(r). Otherwise we set γi = γi(r)
−1γi(ri). Let us hek
that, in the latter ase, we have also γiai ⊂ ai. The walls µi, γi(ri)µi and γi(r)µi belong to
MEucl(F ) by Corollary 4.8 and are pairwise disjoint by onstrution. Thus they form a hain
and it follows that γi(ri)ai ⊂ γi(r)ai whene γiai ⊂ ai. Therefore, for all m > 0, we have
γmi ai ⊂ ai and hene γ
m
i µi ∩ µi = ∅ while γ
m
i µj = µj for j 6= i.
Choose integers m1, . . . , mn divisible enough so that eah γ
′
i := γi
mi
belongs to the trans-
lation subgroup of the ane Coxeter group W (M (F )). Thus the γ′i's generate an abelian
group. In view of the ation of eah γ′i on the walls µ1, . . . , µn, the intersetion 〈γ
′
i〉∩〈γ
′
j| j 6= i〉
is trivial for all i. This implies that the γ′i's generate a free abelian group of rank n. 
We note that the omplete proof of Theorem 5.2 is muh shorter when (W,S) is assumed
to be right-angled (in this ase MEucl(F ) is empty).
6. Geometri flats in Tits buildings
The purpose of this setion is to prove Theorem E of the introdution.
As before, let (W,S) be a Coxeter system of nite rank. Let B = (C(B), δ) be a building
of type (W,S). Reall that C(B) is a set whose elements are alled hambers, and that
δ : C(B) × C(B) → W is a mapping, alled W -distane, whih satises the following
onditions, where x, y ∈ C(B) and w = δ(x, y):
Bu1: w = 1 if and only if x = y;
Bu2: if z ∈ C(B) is suh that δ(y, z) = s ∈ S, then δ(x, z) = w or ws, and if,
furthermore, l(ws) = l(w) + 1, then δ(x, z) = ws;
Bu3: if s ∈ S, there exists z ∈ C(B) suh that δ(y, z) = s and δ(x, z) = ws.
For example the mapW×W →W sending (x, y) to x−1y satises the above. An apartment
of the building B is a subset C(A ) ⊂ C(B) suh that there exists a bijetion f : C(A ) →W
satisfying δ(x, y) = f(x)−1f(y).
The omposed map ℓ ◦ δ : C(B) × C(B) → N, where ℓ is the word metri on W with
respet to S, is alled the numerial distane of B. It is a disrete metri on C(B).
The following lemma is well known:
Lemma 6.1. Let C(A ) be an apartment and C be a subset of C(B). Suppose that there
exists a map f : C → C(A ) suh that δ(f(c), f(d)) = δ(c, d) for all c, d ∈ C. Then there
exists an apartment C(A ′) suh that C ⊂ C(A ′).
Proof. Follows from [Tit81, 3.7.4℄. 
Let T ⊂ S and let c be a hamber of the building B. The residue of type T of c is the
set ρT (c) of those hambers c
′
for whih δ(c, c′) ∈ W (T ). The residue is alled spherial
whenever W (T ) is nite. Given any residue ρ of B and any hamber x, there exists a unique
hamber c in ρ at minimal numerial distane from x. This hamber has the property that
δ(x, d) = δ(x, c)δ(c, d) for eah hamber d of ρ. The hamber c is alled the projetion of
x onto ρ and is denoted by projρ(c) (see [Ron89, Corollary 3.9℄).
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Lemma 6.2. Let C(A ) be an apartment of B and C ⊂ C(A ) be a set of hambers. Suppose
that there exists a residue ρ and a hamber c ∈ C suh that c ∈ C(ρ) and projρ(c
′) = c for
all c′ ∈ C. Then, for any hamber d ∈ C(ρ)\{c}, there exists an apartment C(Ad) suh that
C ∪ {d} is ontained in C(Ad).
Proof. Let d ∈ C(ρ)\{c} and let wd := δ(c, d). Let d
′
be the unique hamber of C(A )
suh that δ(c, d′) = wd. For any c
′ ∈ C, we have δ(c′, d) = δ(c′, c).wd = δ(c
′, d′) beause
projρ(c
′) = c. It follows that the funtion f : C ∪ {d} → C ∪ {d′}, whih maps d to d′
and indues the identity on C, preserves the W -distane δ. Therefore, the existene of an
apartment C(Ad) suh that C(Ad) ontains C ∪ {d} follows from Lemma 6.1. 
Before stating the main result of this setion, we need to introdue some additional termi-
nology and notation:
• |B|0 denotes the CAT(0)-realization of the building B, as dened in [Dav98℄; it is a
pieewise Eulidean simpliial omplex. For eah hamber c ∈ B there is an assoiated
CAT(0)-onvex subomplex |c|0 ⊂ |B|0, whih we all the assoiated geometri
hamber. For every subset C ⊂ C(B) we denote by |C|0 the union of geometri
hambers |c|0 assoiated to hambers c ∈ C. We say that a subomplex X ⊂ |B|0 is
ombinatorial whenever it is a union of geometri hambers. If A is any apartment
of B the subomplex |A |0 is isometri to |W |0. As a simpliial omplex, |A |0 is
isomorphi to the rst baryentri subdivision of the Davis omplex |W |0.
• Given x ∈ |B|0, we set
ρ(x) := {c ∈ C(B)| x ∈ |c|0}
and
σ(x) :=
⋂
c∈ρ(x)
|c|0.
The set ρ(x) is a (spherial) residue. The subomplex |ρ(x)|0 is a neighbourhood
N(x) of x in |B|0. For every hamber c ∈ C(B), the set Int(c) of points x ∈ |B|0
suh that ρ(x) = {c} is an open subset of |B|0. It is the interior of |c|0 and its losure
is |c|0.
• Given E ⊂ |B|0, we set
C(E) := {c ∈ C(B)| |c|0 ⊂ E}.
For example given any x ∈ |B|0 we have C(N(x)) = ρ(x). We say that a subomplex
A ⊂ |B|0 is a geometri apartment provided A is ombinatorial and C(A ) is an
apartment of B.
• Given a geometri at F ⊂ |B|0 and any subset E ⊂ |B|0, we denote by dim(F ∩E)
the dimension of the Eulidean subspae of F generated by E∩F ; by onvention, the
empty set is a Eulidean subspae of dimension −1.
Let now F ⊂ |B|0 be a geometri at of dimension n. Sine the ombinatorial subom-
plexes N(x) are neighborhoods of x, we have:
∀x ∈ F, ∃ c ∈ C(B) suh that x ∈ |c|0 and dim(F ∩ |c|0) = n.
And sine every geometri hamber is the losure of its interior, we dedue:
∀x ∈ F, ∃ y ∈ F suh that x ∈ σ(y) and dim(F ∩ σ(y)) = n.
These two basi fats will be used repeatedly in the following.
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Theorem 6.3. Let F ⊂ |B|0 be a geometri at of dimension n and let c0 be a hamber suh
that dim(F ∩ c0) = n (the geometri hamber assoiated to c0 is also denoted by c0). Dene
C(F, c0) := {projρ(x)(c0) | x ∈ F}.
Then there exists a geometri apartment A suh that C(F, c0) ⊂ C(A ). In partiular, we
have F ⊂ A .
Proof. The proof is by indution on n, the ase n = 0 being trivial. We assume now that
n > 0.
Let F0 ⊂ F be a Eulidean hyperplane suh that dim(F0 ∩ c0) = n− 1. By indution, the
set C(F0, c0) is ontained in the set of hambers of some apartment. In view of Lemma 6.1,
it follows from Zorn's lemma that the olletion of all those subsets of C(F, c0) whih ontain
C(F0, c0) and whih are ontained in the set of hambers of some apartment, has a maximal
element.
Let C1 be suh a maximal element and hoose a geometri apartment A1 suh that C1 ⊂
C(A1). Set X := A1 ∩ F . Note that X is losed and onvex.
Suppose by ontradition that C1 is properly ontained in C(F, c0). The rest of the proof
is divided into several steps. The nal laim below ontradits the maximality of C1, thereby
proving the theorem.
Claim 1. For all x ∈ X, we have projρ(x)(c0) ∈ C1.
Sine A1 is a ombinatorial subomplex, we have σ(x) ⊂ A1. Sine c0 ∈ C(A1), we have
projρ(x)(c0) ∈ C(A1). Therefore, the laim follows from the maximality of C1.
Claim 2. For all c ∈ C1, there exists x ∈ X suh that projρ(x)(c0) = c.
Given c ∈ C(F, c0), there exists x ∈ F suh that projρ(x)(c0) = c. If now c ∈ C1, then
σ(x) ⊂ |c|0 ⊂ A1. Thus x ∈ F ∩A1 = X .
Claim 3. dim(F ∩X) = n.
Clear sine c0 ∩ F ⊂ X and dim(F ∩ c0) = n.
Claim 4. There exists a Eulidean hyperplane F1 ⊂ F whih is ontained in A1 and whih
bounds an open half-spae of F , none of whose points is ontained in A1. In other words, the
hyperplane F1 is ontained in the Eulidean boundary ∂X of X.
Let c ∈ C(F, c0)\C1 and let x ∈ F be suh that projρ(x)(c0) = c. By Claim 1, x does not
belong to X . Given x0 ∈ c0 ∩ F , we have [x0, x] ∩X = [x0, y] for some y ∈ X beause X is
losed and onvex. Let F1 ⊂ F be the Eulidean hyperplane parallel to F0 and ontaining y.
We have F1 ⊂ X by onvexity. Furthermore, it is lear from the denition of y and F1 that
any point z ∈ F\F1 on the same side of F1 as x does not belong to A1.
Claim 5. Let x1 ∈ F1 be suh that dim(F1 ∩ σ(x1)) = n − 1. For all c ∈ C1, we have
projρ(x1)(c) = projρ(x1)(c0).
Let c1 := projρ(x1)(c0). Suppose by ontradition that there exists c ∈ C1 suh that
projρ(x1)(c) 6= c1. Let h be a (Coxeter) half-spae of the apartment C(A1) ontaining c1 but
not c2 := projρ(x1)(c). Thus h ontains c0 but not c.
Sine σ(x1) ⊂ |c1|0 ∩ |c2|0, we have σ(x1) ⊂ ∂|h|0. Therefore, sine F1 ⊂ A1 (see Claim 4)
and sine dim(F1 ∩σ(x1)) = n− 1, we dedue from Lemma 4.1 that F1 ⊂ ∂|h|0. By Claim 4,
the set X , as a subset of F , is entirely ontained in one of the Eulidean half-spaes of
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F determined by F1. Sine F1 ⊂ ∂|h|0, we dedue that X , as a subset of A1, is entirely
ontained in one of the Coxeter half-spaes of A1 determined by ∂|h|0. Sine c0 ⊂ X ∩ |h|0,
we obtain X ⊂ |h|0.
Sine c ∈ C1, there exists x ∈ X suh that projρ(x)(c0) = c by Claim 2. Sine X ⊂ |h|0
and sine |h|0 is a ombinatorial subomplex, we have σ(x) ⊂ |h|0 and hene projρ(x)(c0) ∈ h
by the ombinatorial onvexity of Coxeter half-spaes. This ontradits the fat that h does
not ontain c.
Claim 6. There exists d ∈ C(F, c0) and an apartment Ad suh that C1 ∪ {d} ⊂ C(Ad).
Let x1 ∈ F1 be as in Claim 5. By Claim 1 we have c1 := projρ(x1)(c0) ∈ C1. Let y ∈ F\X
be suh that x1 ∈ σ(y). Let d := projσ(y)(c0). Clearly d ∈ C(F, c0). Furthermore d 6∈ C1,
otherwise we would have y ∈ σ(y) ⊂ d ⊂ A1, whene y ∈ X, whih is absurd. Sine
σ(x1) ⊂ σ(y) ⊂ d, the laim follows from Lemma 6.2 together with Claim 5. 
Clearly, Theorem E of the introdution is an immediate onsequene of Theorem 6.3,
ombined with Corollary C.
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